We study a model of a p-n junction in single-layer graphene in the presence of a perpendicular magnetic field and spin-orbit interactions. By solving the relevant quantum-mechanical problem for a potential step, we determine the exact spectrum of spin-resolved dispersive Landau levels. Close to zero energy, we find a pair of linearly dispersing zero modes, which possess a wave-vector-dependent spin polarization and can be regarded as quantum analogs of spinful snake states. We show that the Rashba spin-orbit interaction, in particular, produces a wave vector shift between the dispersions of these modes with observable interference effects. These effects can in principle provide a way to detect the presence of Rashba spin-orbit interaction and measure its strength. Our results suggest that a graphene p-n junction in the presence of strong spin-orbit interaction could be used as a building block in a spin field-effect transistor.
I. INTRODUCTION
Fifteen years after the isolation of graphene [1, 2] , fundamental research on this exceptional two-dimensional material is still very active. Spin-orbit interaction (SOI) effects, in particular, continue to attract much attention. Graphene is, in fact, a promising material for spintronic applications [3] [4] [5] [6] , where control of the SOI plays a crucial role. Moreover, SOI is at the basis of fundamental phenomena as the quantum spin Hall effect, whose theoretical discovery in graphene [7] started the field of topological matter [8] [9] [10] .
Due to the small atomic number of carbon, the SOI in pristine graphene is very weak (on the order of 10 µeV) [11, 12] . However, in the last few years there has been an increasing body of experimental and theoretical evidence that SOI can be artificially enhanced either by chemical functionalization or by placing graphene on strong-SOI substrates [13] [14] [15] [16] [17] [18] [19] . The latter approach is particularly promising, as it preserves the electronic properties of graphene. While the first experimental reports presented signatures of enhanced SOI only in the spectral properties, a breakthrough came with the advent of two-dimensional van der Waals materials [20] , in particular the transition metal dichalcogenides (TMDC) WSe 2 , WS 2 , and MoS 2 [21] . Graphene/TMDC heterostructures allow for high quality interfaces, which preserve the large mobility of graphene and provide ideal platforms for transport measurements, showing uniform enhancement of SOI of up to three orders of magnitude [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . For example, the Rashba SOI for graphene on WS 2 is estimated to have a magnitude of up to 5 meV [25, 26] , and even larger for graphene on a metallic substrate, where it can reach a value of the order of 50 meV [16, 19] .
Motivated by these developments, we study here the effects of strong SOI on the electronic properties of graphene p-n junctions in a perpendicular magnetic field. From the early days of graphene research, these systems have attracted much attention, in part due to the peculiar transport channels that form at the interface between the p-and n-doped regions [34] [35] [36] . These chirally propagating electronic states can be visualized as snake states, whose quasiclassical trajectories describe a snaking motion along the interface. They play an important role in the magnetotransport properties of these devices [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . Similar snake states are expected also for inhomogeneous magnetic fields containing a line separating B > 0 and B < 0 regions, without a p-n junction [47] [48] [49] . These purely magnetic snake states might give rise to effects analogous to those presented in this paper, but we do not further consider them here. We note in passing that the effects of SOI on the transport properties of p-n junctions in the absence of magnetic field have been studied in [50] .
In this article, we investigate how the presence of finite SOI changes the interface states in a graphene p-n junction. We focus on the low-energy physics described by the Dirac-Weyl Hamiltonian, and include in our model two SOI terms [51] : the Rashba SOI [7, 52] , due to inversion symmetry breaking by the substrate or, possibly, by a perpendicular electric field; and the Kane and Mele intrinsic SOI [7] . We present the exact solution of the corresponding quantum mechanical problem in the presence of a potential step, and thereby provide a full description of the energy spectrum and the eigenstates of the system. We find infinitely many branches of dispersive Landau levels (LLs), with flat portions separated by regions with approximately linear dispersion. The shape of the levels can be understood as follows. The electron states are parameterized by the wave vector along the junction, k, which defines the centre around which the wave function is localized within a magnetic length. At large k, the states are localized deep in the bulk, away from the junction, and their energy is essentially independent of k. These states correspond to graphene's LLs modified by the SOI. At small k, the states are localized close to the interface and feel the potential step. Their energy acquires a k-dependence and, as a consequence, the corresponding states have a finite group velocity along the junction. Due to the presence of the magnetic field, the system is chiral and the group velocity has the same sign for all branches. We will focus in particular on the two chiral modes evolving from the pristine zero-energy LLs. These modes are responsible for the low-energy transport properties when the Fermi level is close to the charge neutrality point. We refer to them as the snake modes. We will show that their group velocity depends on the size of the potential step, it is proportional to the classical drift velocity in crossed electric and magnetic fields, and it is only weakly affected by the SOI.
In the absence of SOI and Zeeman coupling, the snake modes are degenerate. We show that the Rashba SOI removes this degeneracy and leads to a relative wave vector shift between their dispersions. This resembles the relative horizontal shift of the energy dispersions of spin-up and spin-down electrons which occurs in a single-channel quantum wire in the presence of Rashba SOI, and suggests that graphene p-n junctions could be exploited to realize the Datta-Das effect [5, 53] . Indeed, electrons injected at a given energy at some point along the junction with a definite spin polarization will populate the two modes and will acquire different phase shifts while propagating. Monitoring the current downstream, one would observe a modulation due to quantum interference effects between the two modes.
Before closing this section, let us briefly describe how this paper is organized. In Sec. II we formulate the model for a graphene p-n junction in a perpendicular magnetic field in the presence of finite SOIs, and review its exact solution for a uniform potential. In Sec. III we determine the exact spectrum of eigenstates of the quantum mechanical problem with the potential step. In Sec. IV we discuss the corresponding observables, namely group velocity and spin polarization. Finally, in Sec. V we present some conclusions and discuss possible extensions of our work. Some technical details are relegated to the appendix.
II. MODEL AND GENERAL SOLUTION
Our starting point is the Dirac-Weyl Hamiltonian for graphene in a perpendicular magnetic field B = Bẑ with SOI [52, [54] [55] [56] :
where Π = p + e c A, A and V are respectively vector and scalar potential, and H Z is the Zeeman term . Sketch of a graphene p-n junction on a substrate inducing a strong SOI in the graphene layer by proximity effect. The length scale over which the applied potential changes polarity is assumed to be much larger than graphene's lattice constant a0.
We include both the Rashba SOI and the Kane-Mele intrinsic SOI:
The symbol σ = (σ x , σ y , σ z ) (resp. s = (s x , s y , s z )) denotes as usual the Pauli matrices in sublattice (resp. spin) space, while τ = ± refers to the valleys K/K . In Eq. (1) we have assumed that the two valleys are decoupled, which holds provided all potentials are smooth on the scale of graphene's lattice constant [57] . The Hamiltonians at K and K are related by a unitary transformation,
which amounts to a change of sublattice basis at the valley K . Equation (4) implies that the spectra of eigenvalues of H + and H − are the same and that the eigenstates at K are obtained from the eigenstates at K by multiplication by iσ y . This mapping does not affect any of the observables discussed below. We can then restrict ourselves to a single valley, say τ = +1, and suppress the valley index from now on. Throughout this paper we shall use dimensionless variables, where lengths are expressed in units of magnetic length B = c/eB, wave vectors in units of We shall study a linear geometry, see the sketch in Fig. 1 , where the potential profile is a sharp antisymmetric step,
The potential creates an interface at x = 0 separating a n-doped region for x < 0 from a p-doped region for x > 0. The local in-plane electric field due to the potential step might in principle induce an additional local SOI, but this is negligible due to the assumed smoothness of the electrostatic potential on the scale of the lattice constant [58].
In the Landau gauge A = (0, Bx, 0) the Hamiltonian (1) is translationally invariant in the y-direction, and its eigenstates take the form
where ψ k (x) is a four component wave function describing the electron amplitudes on A/B sublattices for spin up/down:
(Here, T denotes transposition and, from now on, we shall omit the index k on the spinors.) After projection onto the plane waves in the y-direction, we need to solve the equation
where H(k) = e −iky He iky . It is convenient to introduce the ladder operatorŝ
where q = √ 2(x + k) is the shifted and rescaled spatial coordinate and
∂ x the corresponding differential operator. Then we have
where we use the notation (α = ±)
and b denotes the dimensionless Zeeman coupling. The general solution to Eq. (7) for piecewise constant external fields was obtained in [59] (see also [52] ). To make this paper self-contained, we concisely review the main steps of the solution. The structure of Eq. (9) suggests the following ansatz:
where D p (±q) are the parabolic cylinder functions [60] and p is a real parameter. The parabolic cylinder functions are the eigenfunctions of the operatorâ †â , a †â D p (±q) = pD p (±q), and satisfy the following recurrence relations:â
The superscript > (resp. <) in Eq. (10) indicates that the wave function vanishes for x → +∞ (resp. x → −∞). Inserting this ansatz into Eq. (7), we get a homogeneous linear system of equations for the coefficients {d i }:
(11) The existence of a non-trivial solution requires the vanishing of the determinant of the coefficient matrix, which results in the equation
where we have introduced the notation
The solutions are
By solving Eq. (11) we then obtain
where p must be replaced by either p + or p − . The set
p+ is a basis in the space of eigenfunctions of H(k) with eigenvalue E, and thus the general eigenfunction can be written as
For a system homogeneous in the x-direction (with V (x) = V 0 ) the wave functions ψ ≷ p± (x) must be normalizable. This happens only if p ± are non-negative integers [60] . In this case, ψ < p± is proportional to ψ > p± and can be omitted. Then, for each given p + = 0, 1, 2, . . . (resp. p − = 0, 1, 2, . . . ) the solution of Eq. (13) for E gives a full spectrum of LLs, in one-to-one correspondence with spinless graphene's LLs. Therefore, overall we obtain two sets of levels, which reduce to the usual twofold spin-degenerate LLs when λ = ∆ = b = 0. This spectrum is discussed in detail in [59] . Here, we report the results in two simple limits, where explicit analytical expressions can be obtained. These results will be useful for comparison with the exact spectrum of the p-n junction discussed in the next Section. In the case λ = 0, omitting the obvious shift by V 0 , one finds
where the index ± can be identified with the spin up/down index. We note that for b = 0 the intrinsic SOI splits the spin degeneracy of the zero-energy states, while all other states remain doubly degenerate. In the case b = ∆ = 0, one finds the non-zero eigenvalues given by (n = ±1, ±2, . . . )
in addition to two zero-energy levels [61] . We observe that the Rashba SOI splits the degeneracy of all levels except the zero energy ones. We note, in passing, that when b = ∆ = 0 the Hamiltonian in Eq. (9) is unitarily equivalent to the Hamiltonian of bilayer graphene in Bernal stacking for a single valley [62] , with the spin index identified with the layer index and the Rashba SOI identified with the interlayer hopping amplitude. In the limit |E| λ, from Eq. (12) we obtain E ≈ ± 2 λ p(p − 1) for the two smallest solutions, which indeed coincide with the LLs of bilayer graphene in the effective two-band approximation when p is a non-negative integer [62] .
III. EXACT SOLUTION OF THE P-N JUNCTION
In this section we use the general solution in Eq. (15) to construct the exact eigenstates for the p-n junction problem. In the presence of a non-uniform potential the LLs become dispersive, and we shall determine the dispersion relations E = E(k). For the potential step given in Eq. (5) we need to impose the continuity of the wave function at the interface x = 0 between the n-doped region (x < 0, V = −V 0 ) and the p-doped region (x > 0, V = V 0 ). Taking into account the normalizability properties of the parabolic cylinder functions, the general form of the wave function is given by
and the matching condition at x = 0 reads
where p ± are related to the energy E as given in Eq. (13). Therefore we get a homogeneous linear system
with the matrix of coefficients given by
where the spinors ψ This linear system admits a non-trivial solution only if the determinant vanishes:
This condition implicitly defines the exact spectral branches of the p-n junction problem. We study this equation numerically. For given k, we find infinitely many solutions E = E n,± (k) that can be labelled by a Landau level index n ∈ Z and an index ± which, in the limit of vanishing λ, reduces to a spin projection quantum number [63] . Then, for any given solution {k, E n,± (k)} of Eq. (22), we solve the linear system (20) to obtain the corresponding eigenfunction, which can then be normalized. Let us now discuss in detail our findings.
The spectrum consists of infinitely many branches of dispersive LLs. This is illustrated in Fig. 2a Due to the Rashba SOI, which mixes spin-up and spindown, these levels have k-dependent spin polarization, which we discuss in Sec. IV below. Adjacent levels generally exhibit anticrossings, see Figs. 2a and 2b, unless λ = 0, in which case the projection of spin along the zdirection is a good quantum number, and one finds level crossings instead, as in Fig. 2c .
For a not too large amplitude of the potential step, there exists an energy window around zero energy in which there is a single pair of interface modes. This is the situation illustrated in the three panels of Fig. 2 . If the Fermi level lies in this energy window, the observable properties of the system will be determined by these linearly dispersing chiral zero modes. In the rest of the paper we will mainly focus on them. As they evolve from the two zero-energy modes of the uniform system, we will refer to them as the zero modes of the p-n junction. Close to zero energy their dispersion is linear to a very good approximation, and they can be regarded as the quantum states corresponding to spin-resolved quasiclassical snake states.
Let us consider now the case b = ∆ = 0, illustrated in Fig. 2b . Remarkably, the dispersions of the two zero modes exhibit a relative shift in wave vector reminiscent of the horizontal shift between the energy dispersions in a single-channel quantum wire with Rashba SOI [5, 53] . The modes become again degenerate (with exponential accuracy) for |k| → ∞. We can rationalize this behaviour as follows. In the gauge we are working in, the electronic states can be visualized as stripes along the y-direction, localized in the x-direction around x = −k within a distance of the order of the magnetic length. For |k| very large, their centre is far from the interface and they are not affected by the potential step. The solution for the Figure 2 . Spectra of the p-n junction for various parameter sets: (a) b = 0.01, ∆ = 0.25, and λ = 0.7; (b) b = ∆ = 0, λ = 0.7, the green lines mark the zero modes; (c) b = ∆ = 0.25, the red (resp. blu) lines correspond to up (resp. down) spin projection along z. In all the panels we have set V0 = 1. In panels (b) and (c) the bulk LLs are given respectively by the expressions in Eq. (17) and (16) shifted by ±V0.
uniform case then shows that there are two degenerate zero modes, whose energies do not depend on the Rashba coupling. This occurs because they both have the same vanishing (or more precisely, exponentially small) sublattice component. Since the Rashba SOI couples the amplitudes of electrons with opposite spin on different sublattices, its matrix element will be at most exponentially small, and it will not lift the spin degeneracy. For |k| ≈ 0, instead, the electronic states are close to the interface and the zero modes have a significant amplitude on both sublattices. Then the Rashba SOI couples them, lifting the degeneracy.
The wave vector splitting between the two zero modes can be calculated analytically in perturbation theory in λ (see App. A). We find the simple result
where k ± are defined as the solutions of E 0,± (k) = E, and we have reintroduced the units. Interestingly, the splitting is independent of energy, of magnetic field and even of the potential difference across the junction. Using our exact dispersions, we have also computed the exact splitting as a function of λ numerically. The exact result is compared with the perturbative one in Fig. 3 , which shows that the two are in good agreement up to λ ≈ 0.2. The p-n junction then hosts at given energy two degenerate modes at different wave vector with finite overlap, and we expect interference effects in the observables induced by the Rashba SOI, which we discuss in the next section. A relative shift of the zero-mode dispersions can be observed also for vanishing λ and finite b and ∆. In this case, however, the degeneracy is restored at large k only in the non generic situation that b = ∆ illustrated in Fig. 2c . More importantly, for λ = 0 the two modes are eigenstates of s z , thus their overlap vanishes and interference effects are not possible. 
IV. OBSERVABLES
From now on, we focus solely on the effects of the Rashba SOI (∆ = b = 0) and we restrict to an energy window in which there exist only the two dispersive zero modes. At given energy E, the electronic state is then a superposition of snake states at two different wave vectors
All observables, bilinear in the wave function, will contain a term uniform in y and an interference term oscillating along y, with period given by 2π∆k −1 . These oscillating terms manifest themselves in correlation functions, as we discuss below, provided the overlap between the states at k ± does not vanish. This happens only if the Rashba SOI is different from zero. If λ = 0, the two modes are spin eigenstates with opposite spin projection and hence are orthogonal. As a consequence, the presence of such oscillating terms in correlation functions is a hallmark of Rashba SOI and provides a way of measuring the strength of the coupling.
The probability density associated to the states at k ± , P α (x) = ψ † kα (x)ψ kα (x) (α = ±) is illustrated in Fig. 4a for the states at E = 0. One observes that the profiles are localized at x = 0 within a magnetic length, are skewed, with maxima on opposite sides of the interface. Although the wave functions seem to have a substantial spatial overlap, the overlap integral
(which turns out to be real) is rather small, as shown in Fig. 4b . It reaches a minimum at E = 0, but remains finite in the whole energy window. This can be rationalised with the observation that a finite Rashba SOI produces a spin texture in the eigenfunctions, which would otherwise have opposite spin orientations and would be orthogonal. As discussed, above, a finite overlap is important as it is the weight of the oscillating term in the density-density correlator. Next, we consider the mode velocities. The velocity operator is v = s 0 ⊗ σ, and the group velocities of the two zero modes are given by
We find v ±,x = 0, while the y-components v ±,y , which coincide with the slopes of the zero-mode dispersions E 0,± (k ± ), are illustrated in Fig. 5 as function of energy.
In the whole energy range the velocities practically coincide. They are finite and reach their maximum (in absolute value) at E = 0. Close to E = 0 they are almost constant, which implies that the dispersions are almost perfectly linear. We have checked numerically that they depend only weakly on λ. This holds also in the limit V 0 λ. In fact, a straightforward perturbative calculation in V 0 (but exact in λ) shows that for k ≈ 0 the velocities can be expressed as
where
and we have restored units. This value does not depend on graphene's Fermi velocity. Since V 0 /e B can be interpreted as the electric field E x induced by the potential step in the x-direction and 2 B ∝ 1/B, V 0 B / corresponds to the classical drift velocity of a charged particle in crossed magnetic and electric fields, cE x /B [42] . The effect of the Rashba SOI is a renormalization factor which decreases for increasing λ from 2/ √ π (for λ = 0) to
(for λ ω c ) and thus tends to slightly reduce the velocities.
Next, we consider the spin polarization. The spin operator is given by S = s ⊗ σ 0 (for simplicity we omit the factor 1/2), so the expectation value of the spin for the two zero modes is given by
We find that S y,± = 0 and that S ± points predominantly in the x-direction. This can be rationalized as due to the fact that the Rashba SOI induces a spin precession in a direction perpendicular to the direction of motion and, in the geometry considered here, it selects the eigenstates of s x (see discussion at the end of App. A). The z-component switches sign across E = 0 and we observe the symmetry properties S z,− (E) = S z,+ (−E) and S x,− (E) = −S x,+ (−E).
The matrix element of the spin operator between the two zero modes is given by
and is illustrated in Fig. 6 . It plays an important role in the spin-spin correlation function, because it is the weight of the interference term. We find that Σ x,± and Σ z,± are real, with Σ x(z),+ = Σ x(z),− , while Σ y,± are imaginary, with Σ y,+ = −Σ y,− . We turn now to the density-density and spin-spin correlations. While we have access in principle to the full exact correlators, for the purpose of a study of the lowenergy properties around E = 0, it is sufficient to focus on the linear part of the spectrum and describe our system as a pair of one-dimensional non-interacting chiral electronic modes, with (second-quantized) Hamiltonian given by
and the fermion field operator given by
where ψ α (x) are the exact eigenstates of the zero modes at E = 0 and L α (y) fermionic operators with usual anticommutation relations:
Using the expression for the field operator (31), the effective one-dimensional density operator, obtained by integrating the two-dimensional density operator over x, is given by
with
and the overlap integral O, defined in Eq. (25), is evaluated at E = 0. Therefore, the density-density correlator will contain two contributions:
The uniform term is the usual correlator of onedimensional chiral fermions:
The interference term is given by
As anticipated, the density-density correlator exhibits spatial oscillations with a period proportional to the inverse of ∆k. The structure factor, which is essentially its Fourier transform, will then exhibit a pronounced observable feature at q = ∆k.
The spin-spin correlator has a similar structure. The effective one-dimensional spin-density operator is given by
where the matrix elements S α and Σ α , defined in Eqs. (28) and (29), are evaluated at E = 0. The spin-spin correlator then will be
Therefore the spin structure factor will present a feature at momentum q = ∆k, indicating the existence of an interference term.
V. CONCLUSIONS AND OUTLOOK
In this paper we have studied the effects of finite spinorbit interaction on the low-energy electronic properties of p-n junctions in graphene subject to a perpendicular magnetic field. We have found the exact solution of the appropriate Dirac-Weyl equation and thereby determined the exact spectrum of dispersive LLs. The spectrum contains a pair of propagating modes which cross zero energy with approximately linear dispersion, and can be interpreted as quantum limit of snake states. When the Fermi level lies close to E = 0 between two bulk LLs, the transport properties are dominated by these snake states, similar to those forming in usual graphene p-n junctions in magnetic field. However, the Rashba SOI induces a mismatch in the Fermi momenta of these states, which has observable consequences. In fact, we predict that the density-density and the spin-spin correlation functions have a spatially oscillating behaviour along the junction, which could be tested experimentally.
The relative horizontal shift of the dispersions of the interface zero modes and the k-dependence of their spin polarization are strongly reminiscent of the analogous effects in a single-channel quantum wire with Rashba SOI. This analogy suggests that the p-n junction works as a Datta-Das channel. If one injects electrons with definite spin polarization at some point along the junction, and measure correlations downstream, in the presence of a substantial Rashba SOI one should observe oscillations due to interference effects between the two modes. The junction could then provide a realization of a spin-FET. With respect to the case of a quantum wire, this realization would have the advantage that the system is chiral, and therefore it is practically immune to backscattering by impurities. Moreover, although one would expect, in principle, large effects of electron-electron interactions on these effectively one-dimensional electronic states, the chirality of the system suppresses the backscattering processes and prevents the opening of a gap at the Fermi level. The e-e interactions might then only renormalize the velocities and modify the exponents in the power law decay of correlations, but could not spoil the effects discussed here. We leave the detailed study of the e-e interaction effects for future works.
We hope that our work will stimulate further experimental and theoretical activity on the properties of snake states in graphene's p-n junction, and that the predictions put forward here can be soon tested experimentally.
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Appendix A: Perturbation theory
In this appendix we briefly discuss the calculation of the spectrum of the Hamiltonian in Eq. (1) by perturbation theory in λ. We use this result to find an explicit formula for the dependence of the splitting ∆k on the Rashba SOI.
For λ = 0 the Hamiltonian (1) is block-diagonal in spin. Each block coincides with the Hamiltonian studied in [42] (up to the intrinsic SOI term and the Zeeman term, which can be easily incorporated) and we can borrow their results. The wave functions can be expressed as ψ k,s (x) = |s ⊗ φ k,s (x), s =↑ / ↓, where |s are the eigenstates of s z and
Here (x) = sign(x), N is a normalization constant and
The wave function (A1) is continuous at x = 0 provided the matching condition det φ k,↑ (0 − ) −φ k,↑ (0 + ) = 0 is satisfied. This condition determines the eigenvalues E and plugging the eigenvalues back into Eq. (A1) one obtains the corresponding eigenstates φ k,↑ . The eigenstates φ k,↓ and the corresponding eigenvalues are obtained by replacing ∆ and b with −∆ and −b. Henceforth, we set ∆ = b = 0. Then φ k,↑ = φ k,↓ and we can omit the spin index. All eigenstates (at given k) are doubly degenerate. We focus on the two zero modes, with unperurbed energy E 0 (k). Using standard degenerate perturbation theory, we find that the first order perturbative correction to the energy due to the Rashba SOI is given by δE 0,± (k) = ±h(k), where h(x) is the matrix element of the perturbing operator
Up to the factor −λ/2, this expression is nothing else than the y-component of the group velocity v The difference in wave vector between the two modes at energy E is then simply given by
where k ± are defined by the equation E 0,± (k ± ) = E. In other words, λ produces a relative horizontal shift of the dispersions. Remarkably, at this order in λ, the shift is independent of the energy, the potential strength, and the magnetic field. The unperturbed eigenstates that diagonalize H RSO are the eigenstates of s x :
This is consistent with the fact that our exact eigenstates have spin polarization predominantly along the xdirection, see Fig. 6 , and explains the observation that at b = ∆ = 0 they reduce to eigenstates of s x in the limit λ → 0.
